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Abstract Alignment studies are made for tungsten near L3 sub-shell threshold using 
theoretical, experimental and empirical approaches. Experimentally to measure alignment 
parameter, the angular distribution of L x-rays of tungsten (W-74) is measured in the angular 
range 0° to 120°, where maximum anisotropy is expected. The experimental measurements 
are performed in XRF laboratories of Raja Ramanna Center for Advanced Technology 
(RRCAT), Indore, India using a three-dimensional double reflection set-up. The weighted 
average of alignment values with 10% error comes 0.155 ± 0.009. Theoretically, the value of 
alignment parameter A
20 
is calculated using non-relativistic dipole approximation in a point 
Coulomb potential and is found 0.151 at L3 threshold energy (10.676 keV). For empirical 
A
20
 evaluations, IGELCS interpolated experimental LXRF cross-section σ*Lg (g = α, ) 
values of Mann et al with 8% reported errors are used along with the radiative decay rates. 
The comparison among theoretical, experimental and empirical values are similar and values 
being >0.1 at L3 threshold energy are certainly higher than the 5 to 8 percent uncertainties 
quoted in earlier experimental results. 
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1. INTRODUCTION
In an atom, vacancy alignment results from the fact that the ionization cross-
sections have different values for different projections of total angular momentum 
j >1/2 on incident photons direction. Flugge et al. [1] were the first to study the 
alignment of atomic inner shell vacancies and exhibited significant anisotropy in 
explicit calculations and ended that the magnetic sub-state dependence of total 
photoelectric cross-sections can also be determined experimentally. Oh and Pratt 
[2] studied alignment and fractional photo-ionization cross-sections corresponding 
to the ejection from L3
 
and M3 sub-shells for Ca and Mg and predicted their 
results below 20 keV using non-relativistic dipole approximation and above 20 
keV using relativistic Born-approximation in screened potential. Ratios of the 
cross-sections were found to have an energy dependence ranging from 7 at high 
energies to 9/11 in low energy domain and dropping to 1/3 near threshold. On 
the other hand, Berezhko et al. [3] calculated the angular distribution of dipole 
radiation following the photo-ionization by unpolarized photon beam and predicted 
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2p
3/2
 sub-state. Berezhko and Kabachnik [4] summarized that degree of alignment 
depends on the energy of incident photon, atomic number of the atom, the vacancy 
state of the atom and is also sensitive to the wave function, approximation used. 
Recently, Kleiman and Lohmann [5] have studied the orientation and alignment 
parameter for a several atoms undergoing photo-ionization in inner shells near 
ionization thresholds using Herman-Skillman wave functions. Kinetic energies 
of the emitted photoelectron up to at least 20 Rydbergs (~272 eV) have been 
considered. Experimentally alignment measurements are available from the work 
of eight different groups and predicted contradictory results [6-25]. Most of the 
measurements are for L sub-shell x-rays induced by ~ 60 and ~26 keV or threshold 
photons and M shell x-rays induced by 5.9 keV photons. First three groups [6-10; 11; 
12-16] established the anisotropic distribution of L x-rays. The measured values 
of Group II [11] are slight and those of groups I [6-10] and III [12-16] are much 
higher than the theoretical predictions of Berezhko et al. [3], moreover, the L x-ray 
distribution patterns reported by groups I and III deviated from those for dipole 
character of x-rays. Whereas, the three other groups IV [17-19], V [20-22] and 
VI [23] predicted the isotropic distribution within the experimental uncertainties. 
Later on, Group V [21] reported anisotropy for Au L

 and Lα emissions at 13 keV 
that culminated in an alignment value ~50% higher than the theoretical predictions. 
Group V [22] also studied the effect of Coster–Kronig transitions on the anisotropy 
of L x-rays of Au at incident photon energies selected above the threshold energy 
for each sub-shell with a crystal spectrometer. The experimental results have 
predicted a small influence of Coster–Kronig transitions on the anisotropy of 
x-ray emission. Group-VII -Barrea et al [24] measured the angular distribution 
of Er L x-rays following photo-ionization by linearly polarized monochromatic 
synchrotron radiation. Their experimental anisotropy parameter and degree of 
alignment show very good agreement with the predicted theoretical value. Santra 
et al. [25] measured the angular distribution of L x-ray fluorescent lines from 
Au and U at 22.6 keV and predicted a maximum anisotropy of 5% for Au and 
2% for U. Recently, Mittal et al. [26] has made an attempt to study the angular 
distribution of L x-rays of tungsten (W-74) both theoretically and experimentally 
in the angular range 0° to 120° at 10.676 keV i. e. at photon energy lying between 
L3 and L2 edges of W where maximum anisotropy is expected and predicted 
significant anisotropy. As various groups predicted contradictory results therefore, 
to remove the existing ambiguity about alignment measurements presently, an 
attempt has been made to measure alignment parameter via experimental [26], 
empirical [27] and theoretical [28] formulations for tungsten near L3 sub-shell 
thresholds, where maximum anisotropy is expected. A comparison of empirical 
alignment parameter A
20
 with theoretical and experimental values result in similar 
trends and values being >0.1 at energy 10.676 keV are certainly higher than the 
5 to 8 percent uncertainties quoted in earlier experimental results. The three 
methodologies adopted for evaluation of alignment parameter are being detailed 
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2. METHODOLOGIES
2.1. Theoretical Formulation
At energies above thresholds, the overlapping chances of atom and outgoing electron 
wave functions are bleak or not there, therefore, Coulomb potential is the appropriate 
potential to build up an atomic model. Consequently, the present calculations of 
alignment are made using point Coulomb potential to build up an atomic model and 
non-relativistic dipole approximation for electron wave functions in different states 
as; the energy range, (near threshold) << mc2, satisfies the non-relativistic constraint 
on photon energies, element tungsten (W) satisfy the condition; (photon energy/mc2) 
<< Zα (‘α’ the fine structure constant) that gives photon wavelength large compared 
to the radius of the bound electron. All this supports the dipole approximation. 
The choice of Coulomb potential in the present circumstances also draws support 
from the statement quoted by Bechler and Pratt [29] that with increasing energy, when 
higher multipoles are needed point Coulomb calculations become quite accurate. 
Therefore, because of the involvement of heavy elements and higher energies, the 
dipole approximation and Coulomb potential concepts are clubbed together. 
Under non-relativistic dipole approximation for the ratio of the magnetic sub-state 















































’ and ‘ℜ 
n

’ for continuum and bound radial wave functions of the 
photoelectron. The angular momentum quantum number () for bound electron is 
denoted as L.
In point Coulomb potential [1], the normalized bound state wave function of the pho-
toelectron is given as 
 ℜ = − + − +nL nL
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For a continuum state, the normalized wave function is
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Here ' = L ± 1 is the angular momentum of continuum state. The momentum of 
outgoing electron p = 2T , where ‘T’ is the kinetic energy of photoelectron in 
terms of mc2 i.e. (hν - BE)/mc2. Here ‘hν’, is the incident photon energy in keV, ‘BE’ 





state (n = 2 and L = 1), the bound state wave function reduces to
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The single particle radial integral for bound (L = 1) and continuum ('=2) state reduces 
as;
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Similarly, for L=1 and ' = 0 state
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Thus for 2p
3/2 





































 are evaluated from its 
series expression with argument parameters f, g and z as [30]
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 f = 3-ia/p and 1-ia/p
 g = 6 and 2
 z = 2ipr.
In expression (13) with increasing momentum p of outgoing electron and 
variable k, the factor within the curly bracket reaches to steady state but the term 
zk increases continuously because of the presence of p in the terms f and z. 
Therefore, to make a judicious selection for variable k in computations, different 
ranges for k in expression (13) are tried. Variable k = 0 to 100, 50, 25, 20 and 15 are 
tried for the calculations of the fractional photo-ionization cross-sections for magnetic 
sub-states mj=3/2 and mj=1/2 for elements Mg and Ca using above formulation in 
the energy range threshold to 60 keV. Higher ranges, 0 to 100, 50 and 25 produce 
oscillating variations of the cross-sections at low photon energies. On moving from 
higher to lower values of k, 0 to 20 and 15, the results seem to approach the analytical 
results of Oh and Pratt [2].To accommodate the maximum number of terms, summation 
over k = 0 to 20 is considered in the present calculations (Figure 1). 
A crosscheck of present non-relativistic dipole calculations has been made with the 
predications of Berezhko et al [3] and that of Kleiman and Lohmann [5]. For this, 
alignment parameter for 2p
3/2 
sub-shell of Mg and Ba is calculated as a function of 
photoelectron energy (Ry) in the range 0 to 16 Ry as shown in (Figure 2) along with 
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For both Mg and Ba there is similarity to some extent between the variation patterns of 
A
20
 with photoelectron kinetic energy resulting from non-relativistic dipole calculations 
and those reported by Berezhko et al [3]. Though, in case of Mg, alignment A
20
 from 
non-relativistic calculations is quite large as compared to that of Berezhko et al. But for 
Ba it is comparable. In case of Mg, Berezhko et al [3] quoted the marked increase in the 
value of alignment in the near threshold region and attribute it to the small barrier for 
the d-wave. For Ba the alignment parameter remains practically constant throughout 
the covered energy region including near threshold region, which suggests the almost 
total absence of a barrier. As per the predictions of Berezhko et al [3] the maximum 




 state are 0.5 and 0.05, which 
are in close agreement with the present results. A difference in the alignment values 
in case of Mg may be due to the change in the model used, as alignment is sensitive 
to the model used [3]. The comparison of the present alignment calculations with 
those of Kleiman and Lohman [5] for Ne and Mg (Figure 3) again supports the pattern 
of variation that away from thresholds, alignment decreases with kinetic energy of 
the outgoing electron. But the non-relativistic values are quite larger than those of 
Kleiman and Lohman in both the cases. This supports the same conclusion for low 
Z elements as drawn from the comparison of non-relativistic results with those of 
Berezhko et al [3], moreover, for Mg Berezhko et al’s results are higher than those of 
Kleiman and Lohman near the thresholds. This shows that the explanation provided 
by Kleiman and Lohman [5] is applicable to our results. That explains that whenever 
the main transition ( nL L→ +ε 1 ) dominates the alignment parameter takes values close 
Figure 1: Plot of fractional photo-ionization cross-sections for L3 magnetic 
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to its lower limit and there are certain energy regions where main transition is weaker 
than the other one nL L→ −ε 1, in such cases alignment is close to its upper limit. 
After checking the credibility of the present formulation with the results from earlier 
theoretical calculations for alignment parameter the formulation is applied to tungsten, 
which is the feasible element with the existing experimental set-ups, and in the energy 




are performed in mathematica and the generated 
results are listed in table (2). The results interpret the maximum alignment of the order 
of ≈ 0.5 near threshold energy (10.676 keV), which tallies with the prediction of 
Berezhko et al [3]. 
2.2. Experimental Details
The experimental measurements are performed in XRF laboratories of Raja Ramanna 
Center for Advanced Technology (RRCAT), Indore, India. The experiment is performed 
using a three-dimensional double reflection geometrical set-up (Figure 4). In the set-





 is used, in turn, as primary exciter to provide 10.676 keV of photon 
incidence. The Cu K x-rays (8.136 keV) are unable to produce K shell vacancies in 
Arsenic, therefore, bremstrahlung radiation from the parent source is to be used for 
excitation of primary exciter.
For each measurement, the primary exciter (active area 4.8 cm2 each) is at a distance of 
48 mm from the x-ray tube at an inclination of 45° to the incident beam. A symmetrical 
K x-ray beam at 90° from primary exciter is further used to create L sub-shell vacancies 
in W. A Mo collimator with a 10 mm window was used in between exciter and W 
target to collimate the K x-ray beam. Thick circular target of tungsten (99.9% pure) 
having thickness 0.527 mg/cm2 was on a solid support inclined at angle of 45° and 
Figure 2: Comparison of alignment parameter A20 vs. kinetic energy (KE) of 
the photoelectron (Ry) with Berezhko et al [3] results, for the 2p3/2 sub-shell 
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at a distance of 50 mm from the Primary exciter. A Peltier cooled detector [10 mm2, 
Be window thickness 0.5 µm] with FWHM ~240 eV is in vertical configuration to 
detect the L x-rays emitted from the experimental target i.e. in a plane perpendicular 
to the plane formed by the tube, primary exciter and experimental target. Such an 
arrangement of the parent source, primary exciter, experimental target and the detector 
reduces the scattered background. The detector is clamped on a mount. The angle 
scanned by the detector is measured with respect to the direction of the electric vector 
of the exciting primary x-ray beam. The detector in the direction of the electric vector 
corresponds to 0° angle. The angle scan is from 0° to 120° at an interval of 30°. The 




 exciter. A typical L x ray spectrum 
of tungsten at 900 observation angle is shown in figure 5. 
As Kαβ x-ray energy corresponds to ionization of only L3 sub-shell of W while 
individual Kβ of As also produces the vacancies in L2 sub-shell of W. Thus, with the 
inclusion of L2 sub-shell excitations in W due to As Kβ
i’s 
the total vacancy production 













β β α α
α
W L As
W L K i K i W L K i K i
K i
E K and K

































where I’s are relative intensities of K x-rays and σLi’s are sub-shell ionization cross-
sections and L2 to L3 CK transition probability f
23
 is 0.133 for W. Using all this data 
Figure 3: Comparison of alignment parameter (A20) vs. kinetic energy (KE) 
of the photoelectron (Ry) with Kleiman and Lohman [5] results, for the 2p3/2 
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in above expression, σ
α βW L As
E K and K− 3 ( ( ))  comes out to be 38199.4 that is just 




( ) . All this is very much within the 
experimental uncertainties. Therefore, for selective photo-ionization of L3 sub-
shell, excitation energy as average energy of As Kαβ x-rays is used. For observing the 
detector calibration, the channel numbers corresponding to peaks of different L x-rays 
and 90° scattered K x-rays of As is noted. By grouping W L x-ray lines under L

, Lα, 
Lβ and Lγ peaks under the constraints of resolution of detector, the weighted average 
energy of each peak is calculated with line intensities as their weights. The plot of the 
energies against the channel number is found to be linear in the L x-ray energy region 
(Figure 6).
After applying the multi-peak Gaussian fits (Figure 7) for various L x-ray peaks (, α, 
β and γ) depending upon their relative intensities, the background subtracted counts 
Figure 4: Schematic diagram of experimental set-up used for the 
measurements.
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(normalized to 10000 sec. at each angle) are manipulated by applying solid angle and 
bremstrahlung corrections. 
Solid angle correction: Since, the data is obtained at different angles varying the 
position of the detector from 0°-120° and keeping W target fixed. Therefore, the 
effective area of experimental target (W-74) seen by the detector at each angle varied 
as it was least for detector position at 0° and maximum at 90°. That is why the number 
of counts was least at 0° and maximum at 90°. As illustrated (Figure 8), the solid angle 
subtended by a surface on the detector is the ratio of the projection of surface ds to the 
square of the distance d between the two i.e. ω = ds cos θ
1
 / d2, where θ
1
= (90°-θ)/2.
Since, in present case, ‘d’ and ‘ds’ are fixed, thus, the only variable factor is the angle 
θ
1
 that is the angle through which the target surface is to be rotated for normal view at 
each observation angle θ. As judged from the separate observations made on a laser 
beam reflected from a plane mirror, the angle θ
1 
comes out as (90°-θ)/2. Consequently, 
only Cos (θ
1
) term results as solid angle correction that is listed in table (1) for different 
angles of observations. 
To normalize counts above mentioned, solid angle corrections were applied after 
dividing the respective counts with Cos (θ
1
) factor.
Correction for the contribution to L x-rays due to bremsstrahlung radiation 
scattered from the primary exciters: To find the bremsstrahlung radiation scattered 
from the exciter and reaching at the experimental target, the scattered radiation (Figure 
9a) are recorded by placing the detector at the position of tungsten target. It is found 
that a lot of Bremsstrahlung is reaching at the experimental target and its spread, in 
energy from 10.300 to 35.000 keV, contributes to the recorded W L x-rays at 10.676 
keV energy. Thus, the spectrum of W-74 is not purely due to 10.676 keV excitation but 
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it includes the L x-rays due to the scattered Bremsstrahlung spread at energies >10.300 
keV. To make evaluations for single energy photon excitations, the Bremsstrahlung 
correction is to be applied as under; Since, photo-ionization cross-sections are energy 
dependent, thus, 10.300 to 35.000 keV spread of scattered Bremsstrahlung is to be 
splited in to small strips of energy, each strip of 250 eV as illustrated (Figure 9b). To 
convert the counts collected under an energy strip into L sub-shell x-ray contribution, 
first L-shell ionization cross sections σ1, σ2 and σ3 at mean energy of the strip are 
generated using our program LSPICS [31]. The product of L sub-shell photo-ionization 
cross-sections and counts under the strip (representing as incident photons) provides 
its relative contribution to L sub-shell vacancy population (νp).
To make final data independent of detector efficiency, the corrected counts at each 
angle under each peak are normalized with the corresponding counts at 90°. 
Figure 7:Typical L x-ray spectrum with multi-peak Gaussian fits for various 
L x-ray peaks (, α, β and γ) depending upon their relative intensities.
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Going through the paper of Barrea et al. [24], it is found that the co-ordinate system 
(x, y, z) in schematic diagram of present experimental set up (Figure 5) is very much 
similar to their dedicated instrumentation designed for an-isotropic distribution 
measurements. They interpreted that with incident photons oriented along z-axis and 
the emitted x-rays in the xy plane, the rotation of detector in xy plane with respect to 
x-axis is a variation of azimuth angle φ at a polar angle θ between incoming photon 
and the outgoing photon. On these guidelines, the present measurements come out 
to be distribution studies in the polarization plane at polar angle θ = 90°. The general 
expression for the x-ray angular variation for an incoming photon beam oriented along 



































 is the total x-ray emission rate. α
k
 is the anisotropy co-efficient for a 
particular transition. A
kq 
is the normalized statistical tensor of the decaying state with 
total angular momentum J and Y
kq
 (θ, φ) are the spherical harmonics. For L3 (J=3/2) 
excitation, k is 2 and the expression (15) reduces to 
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Under dipole approximation, intrinsic alignment is A
20
 and any additional alignment A
22
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 are two of the Stokes parameters. 
In the present case, the azimuth angle φ varies from 0° to 120° at polar angle θ = 90°, 
therefore, for x-rays oscillating along the x-axis, φ = 0° and the Stokes parameters η
1 
= 0 and η
3 
= 1, the angular distribution expression becomes as
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Since at angle φ for each L
g
 peak, factor W
0
/4π is same and only α
2
 that depends on 
the J values of the initial and final stages of the ionized atom has values 0.5, 0.1, -0.4 
and 0.1 for L

, Lα1, Lα2 and Lβ2 respectively [3]. 
Figure 9a: The fluorescence spectrum of Mo, excited from bremstrahlung 
radiation of Cu x-ray tube at 35KV, 10mA with detector at the position of 
W target
Figure 9b: Minute view of each strip and corresponding L sub-shell 
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2.3. Empirical Formulation
Among the L x-rays from the ionized L sub-shells, both Lα and L groups of L x-rays 
originate from L3 (2p
3/2
) state and the Lα group of x-rays is combination of Lα1 and 
Lα2 lines and their production cross-sections presuming isotropic distribution are 
 σ σ σ σ ω
L L L L
f f f f F
 
* [ ( ) ]= + + +
1 12 23 13 2 23 3 3 3
 (20)
 σ σ σ σ ω
α αL L L L
f f f f F* [ ( ) ]= + + +




 is sub-shell fluorescence yield, F
i














Ratios σ*Lα/σ*L nullify the effects of sub-shell fluorescence and Coster-Kronig 
yields at incident photon energies greater than L1 edges. The angular distribution of 
dipole x-rays originating from vacancies in L
3
 State is governed by the equation,
 WL WL P Cosθ π β θ( ) ( ) [ ][ ]= +/ .4 1 2  (23)
WL is the total x-rays emitted in 4π solid angle and P
2 
(Cosθ) is the second order 





 is the degree of alignment. The resulting total intensities WL, WLα1 and WL2 
are proportional to the total L
3
 hole production cross-sections and to the radiative 
transition probabilities F’s i.e., respective x-ray fluorescence (XRF) cross-sections 
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Thus, the ratio σ*Lα /σ*L is a function of the degree of alignment A
20
 as well as of 
the radiative transition probabilities and is independent of the source and mode of 
vacancy production. For no alignment, A
20
 = 0, the ratio of cross-sections is just the 
ratio of the transition probabilities. Thus, one requires a preliminary scanning of the 
experimental data on Lα/L cross-section ratios for dependence on incident energy for 
an element and then its comparison with respective transition probability ratio (F
3α1 + 
F
3α2) / F3. The difference between LXRF cross-sections ratio and transition probability 
ratio is used for the determination of A
20
 parameter. A methodology has already been 
developed in our laboratory [32] to evaluate L3 alignment from σ*Lα /σ*L. For A
20
 
evaluations, the experimental LXRF cross-section σ*Lg (g = α, ) values of Mann et 
al [33] at incident photon energy 10.676 keV are used. The experimental values along 
with reported 8% errors are interpolated using the computer software IGELCS [32]. 
The ratios along with the values of radiative decay rates [32] are used to calculate A
20
 
in relation (25). The values are found to depend on incident photon energy. 
3. CONCLUSIONS
Theoretically, alignment parameter A
20
 for tungsten is found 0.151 near L3 sub-shell 
threshold energy (10.676 keV). Observed variation in alignment parameter at threshold 
energy from the maximum limit 0.5, corresponds to some change in the point Coulomb 
potential due to even numbers of electrons < 5 in the 5d shell for elements 71 ≤ Z ≤ 
80. Also the intermediate results of present calculation point towards the dominance 
of radial wave function R

+1
 over the R

-1 
at thresholds and around 1 keV above 








reverses that also hints towards variation 
in A
20
 from the maximum limit of 0.5. Moreover, the A
20 
values being > 0.1 at near 
threshold energies are certainly higher than 5-8% uncertainty quoted in experimental 
results of various groups. Experimentally, excluding the departed A
20 
values at φ = 
30° and 120° for 10.676 keV excitation and ignoring the negative sign, the weighted 
average of remaining values with 10% error comes 0.155 ± 0.009. Comparing the 
results from two methods the trends of alignment values are similar though the values 









 parameter, which makes it inappropriate to compare 
the empirical results with those from theoretical calculations or from experimental 
angular distribution measurements. In contrast to theoretical and experimental trends, 
the empirical result shows comparative rise in A
20
. Therefore, more detailed and precise 




ratios are required. 
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